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ABSTRACT

The diffusion-limited binding kinetics of antigen in solution to
antibody immobilized on a biosensor surface is analyzed within a
fractal framework. Changes in the fractal dimension, Dy observed are
in the same and in the reverse directions as the forward binding rate
coefficient k. For example, an increase in the concentration of the iso-
enzyme human creatine kinase isoenzyme MB form (CK-MB) (anti-
gen) solution from 0.1 to 50 ng/mL and bound to anti-CK-MB anti-
body immobilized on fused silica fiber rods leads to increases in the
fractal dimension Dy from 0.294 to 0.5080, and in the forward binding
rate coefficient k from 0.1194 to 9.716, respectively. The error in the
fractal dimension Dy decreases with an increase in the CK-MB iso-
enzyme concentration in solution. An increase in the concentration of
human chorionic gonadotrophin (hCG) in solution from 4000 to 6000
mlIU/mL hCG and bound to anti-hCG antibody immobilized on a flu-
orescence capillary fill device leads to a decrease in the fractal dimen-
sion Dy from 2.6806 to 2.6164, and to an increase in the forward bind-
ing rate coefficient k from 3.571 to 4.033, respectively. The different
examples analyzed and presented together indicate one means by
which the forward binding rate coefficient k may be controlled, that is
by changing the fractal dimension or the ‘disorder” on the surface.
The analysis should assist in helping to improve the stability, the sen-
sitivity, and the response time of biosensors.

* Author to whom all correspondence and reprint requests should be addressed.
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INTRODUCTION

Sensitive detection systems are required to distinguish a wide range of
substances. Sensors find application in the areas of biotechnology, physics,
chemistry, medicine, aviation, oceanography, and environmental control.
It is of tremendous interest to help characterize and to delineate the reac-
tions occurring at the biosensor surface in order that one may enhance the
sensitivity, specificity, stability, and reaction time of biosensors. The solid-
phase immunoassay technique wherein the antigen in solution binds to an
antibody-coated biosensor surface (or vice-versa), is a convenient method
since the binding process is sensed directly and rapidly.

The kinetics of antigen-antibody binding play an important role in
biosensor development, and as expected, considerable effort has been
expended to analyze the classical role of diffusion and reaction at biosen-
sor surfaces (1-8).

There are limitations to classical modelling techniques which do not
account for heterogeneity at the reaction surface. Douglas (9) emphasizes
that naturally occurring surfaces (cell membranes and organelles, soils,
colloidal aggregates, and so on) tend to be highly irregular and need to be
characterized appropriately. It is to be reasonably anticipated that the
immobilization procedure utilized to attach the antigen or antibody to the
biosensor surface would yield an irregular surface.

Mandelbrot (10) indicates that the fractal dimension provides a useful
zeroth-order measure of the degree of surface roughness. These fractal
functions provide reasonable qualitative and quantitative model surfaces
for the analytic calculations of random walks interacting with rough sur-
faces. Kopelman (11) indicates that surface diffusion-controlled reactions
that occur on clusters or islands are expected to exhibit anomalous and
fractal-like kinetics. These fractal kinetics exhibit anomalous reaction
orders and time-dependent rate (e.g., binding) coefficients. Fractals are
disordered systems, and the disorder is described by nonintegral dimen-
sions (12). These authors further indicate that as long as surface irregular-
ities show scale invariance that is dilatational symmetry they can be charac-
terized by a single number, the fractal dimension. The fractal dimension is a
global property, and is insensitive to structural or morphological details (13).

Some studies have recently appeared that emphasize the spatio-
temporal chaos that exists at reaction surfaces (14,15). Skinner (14 ) emph-
asizes that for chaos in biological systems only a few variables govern the
spatial and temporal geometries of the system. An understanding of
these fractional attractors or dimensions will significantly assist in the
control of some of these complex systems. Furthermore, Friesen and
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Laidlaw (16), while analyzing coal samples, indicate the possibility of the
existence of two fractal dimensions that characterize a system or surface,
and caution against well fitting the data (albeit incorrectly) by a single line
or fractal dimension. Extreme care must be utilized to fit data, especially
at the lower fractal dimensions.

Antibodies are heterogeneous and their immobilization on a fiber-
optic surface, for example, would exhibit some degree of heterogeneity.
This is a good example of a disordered system, and a fractal analysis is
appropriate for such systems. Besides, the antibody-antigen reaction on
the surface is a good example of a low-dimension reaction system in which
the distribution tends to be less random (11). A fractal analysis would
provide novel physical insights into the diffusion-controlled reactions
occurring at the surface. Recently, Douglas et al. (17), while analyzing
polymer adsorption and desorption to a surface, noted that the escape
probability of a polymer is different if the surface is rough or fractal. Note
that the desorption rate is related to the survival probability of a random
walk initiating from the surface.

Fractal kinetics have been reported in other biochemical reactions,
such as the gating of ion channels (18,19), enzyme reactions (20), and
protein dynamics (21). The fractal nature has also been noted in the
modeling of myosin heavy chain gene family (22), and in the self-
similarity of 53 protein surfaces (23). The Buldyrev et al. (22) analysis is of
interest since it suggests an increase in the fractal complexity of the
myosin heavy chain gene with evolution with vertebrate > invertebrate
> yeast. It has also been emphasized that the nonintegral dimensions of
the Hill coefficient used to describe the allosteric effects of proteins and
enzymes is a direct consequence of the fractal properties of proteins (20).

The fractal dimension values for the kinetics of the binding of antigen
in solution to antibody immobilized on the biosensor surface are presented
by reanalyzing data from experiments. More precisely, one would like to
delineate the role of surface roughness on the speed of response, specifi-
city, and sensitivity of fiber-optic immunosensors. Since the forward
binding rate coefficient directly affects the above-mentioned parameters,
it would be useful to relate the surface roughness to the forward binding
rate coefficient.

THEORY

An analysis of the binding kinetics of antigen in solution to antibody
immobilized on the biosensor surface is available (5,6). The influence of
lateral interactions on the surface and variable rate coefficients is also
available (7). Here we present a method of estimating actual fractal dim-
ension values for antibody-antigen binding systems utilized in fiber-optic
biosensors.
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Variable Binding Rate Coefficient

Kopelman (11) has recently indicated that classical reaction kinetics is
sometimes unsatisfactory when the reactants are spatially constrained on
the microscopic level by either walls, phase boundaries, or force fields.
Such heterogeneous reactions, for example, bioenzymatic reactions, that
occur at interfaces of different phases exhibit fractal orders for elementary
reactions and rate coefficients with temporal memories. In such reactions,
the rate coefficient exhibits a form given by:

ki=k'tt O<b<1(t=1) (1a)

In general, k; depends on time, whereask’ = k; (t = 1) does not. Kopelman
(11) indicates that in three dimensions (homogeneous space), b equals
zero. This is in agreement with the results obtained in classical kinetics.
Also, with vigorous stirring, the system is made homogeneous and b
again equals zero. However, for diffusion-limited reactions occurring in
fractal spaces, b > 0; this yields a time-dependent rate coefficient.

The random fluctuations on a two-state process in ligand binding
kinetics has been analyzed (24). The stochastic approach can be used as a
means to explain the variable binding rate coefficient. The simplest way
to model these fluctuations is to assume that the binding rate coefficient
ki (t) is the sum of its deterministic value (invariant) and the fluctuation
[z (t)] (24). This z (t) is a random function with a zero mean. The decreas-
ing and increasing binding rate coefficients can be assumed to exhibit an
exponential form (6-7, 25):

k1 = kl/O exp (—Bt)

(1b)
ki = kq,0exp (Bt)
Here, 8 and k,,, are constants.

Sadana and Madagula (7) have analyzed the influence of a decreasing
and an increasing binding rate coefficient on the antigen concentration
near the surface when the antibody is immobilized on the surface. The
authors noted that for an increasing binding rate coefficient, after a brief
time interval as time increases, the concentration of the antigen near the
surface decreases, as expected for the cases when lateral interactions are
present or absent. The diffusion-limited binding kinetics of antigen (or
antibody or substrate) in solution to antibody (or antigen or enzyme)
immobilized on a biosensor surface has been analyzed within a fractal
framework (26,27). Furthermore, experimental data presented for the
binding of HIV virus (antigen) to the antibody anti-HIV immobilized on a
surface displays a characteristic ordered ‘“disorder’’ (28). This indicates
the possibility of a fractal-like surface. It is obvious that the above biosen-
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sor system (wherein either the antigen or the antibody is attached to the
surface) along with its different complexities that include heterogeneities
on the surface and in solution, diffusion-coupled reaction, time-varying
adsorption, or binding rate coefficients, and so on, can be characterized
as a fractal system.

The diffusion of reactants towards fractal surfaces has been analyzed
(29-31,13). Havlin (32) has briefly reviewed and discussed the results.
Sadana and Madagula (7) have recently presented a theoretical analysis
using fractals for the time-dependent binding of antigen in solution to
antibody immobilized on a fiber-optic biosensor surface. The authors
noted that an increase in the fractal dimension utilized in their studies
decreased both the rate of antigen binding and the amount of antigen
bound.

Havlin (32) indicates that the diffusion of a particle (antibody [Ab])
from a homogeneous solution to a solid surface (antigen [Ag]-coated bio-
sensor surface) where it reacts to form a product (antibody-antigen com-
plex; Ab.Ag) is given by:

tG-D)2 = pp t< ¢,

(Ab.Ag) ~ f112 t> ¢t 2)

Here, Dy is the fractal dimension of the surface. Equation (2) indicates
that the concentration of the product Ab.Ag (t) in a reaction Ab + Ag —
Ab.Ag on a solid fractal surface scales at short and intermediate scales as
Ab.Ag(t) ~ tr with the coefficient p = (3-Dy) /2 at short time scales, and
p = 1/2 at intermediate time scales. This equation is associated to the
short term diffusional properties of a random walk on a fractal surface.
Note that in a perfectly stirred kinetics on a regular (nonfractal) structure
(or surface), k; is a constant, that is, it is independent of time. In other
words, the limit of regular structures (or surfaces) and the absence of
diffusion-limited kinetics leads to k; being independent of time. In all
other situations one would expect a scaling behavior given by k; ~ k" t-?
with —b = p < 0. Also, the apprearance of the coefficient, p different
from p = 0 is the consequence of two different phenomena, that is the
heterogeneity (fractality) of the surface, and the imperfect mixing (dif-
fusion-limited condition). Havlin (32) indicates that the crossover value
may be determined by 2 ~ f.. Above the characteristic length, ., the
self-similarity of the surface is lost. Above ¢, the surface may be con-
sidered homogeneous, since the self-similarity property disappears and
regular diffusion is now present. For the present analysis, ¢ is arbitrarily
chosen. One may consider the analysis to be presented as an interme-
diate ““heurisitic’” approach in that in the future one may also be able to
develop an autonomous (and not time-dependent) model of diffusion-
controlled kinetics in disordered media.

Applied Biochemistry and Biotechnology Vol. 60, 1996



128 Sadana and Ram
RESULTS

Increase in the Fractal Dimension and
in the Forward Binding Rate Coefficient

Walczak et al. (33) have recently developed an evanescent fiber-optic
biosensor to analyze the human enzyme creatine kinase (CK: EC 2.7.3.2)
isoenzyme MB form (CK-MB) with a molecular weight of about 84,000.
Custom $-phycoerythrin CK-MB antibody conjugates were immobilized
on fused silica fiber-optic sensors. There is considerable interest in the
development of a biosensor for the detection of the above cardiac iso-
enzyme since it permits an early detection of myocardial infarctions. Fig-
ure 1A-D shows the curves obtained using Eq. (2) for the binding of the
CK-MB isoenzyme. Table 1 shows the values of the parameters k, p, and
Dy obtained using Eq. (2), a biphasic function of time, to model the experi-
mental data. The parameter values presented in Table 1 were obtained
from a regression analysis using Sigmaplot (34) to model the experimen-
tal data using Eq. (2), wherein (Ab.Ag) = kt. The k, p, and Dy values pre-
sented in Table 1 are within 95% confidence limits. This indicates that the
determined values are reliable and significant. The Sigmaplot program
provided the + values for k and p. The errors or shifts in D; were obtained
from the + values of p. The values of the shifts in Dy are twice that of p,
since [(3 — Dy) /2] equals p. Table 1 shows that the fractal dimension, Dy
increases from 0.2004 (the lowest value in the range utilized) to 0.5240 as
the initial concentration of the isoenzyme in solution increases from 0.1 to
50 ng/mL. The fractal dimension increases by about a factor of 16 as the
initial concentration of the isoenzyme in solution increases by a factor of
500. For this same change in CK-MB isoenzyme concentration in solution,
the forward binding rate coefficient k changes by a factor of about 81 from
0.1194 to 9.716. Note that the change in the forward binding rate coeffi-
cient k is in the same direction as that of the fractal dimension Dy.

The curves in Figs. 1A-D, 2A-b, and 3 are theoretical curves. More
refined fits could have been obtained if a multifractal analysis instead of a
single-fractal analysis was used to model the data in Fig. 1A and B and for
other data analysis to be presented in later figures. Multifractal dimen-
sions have been indicated in adsorption (35), and for other systems (15).
Such an analysis was not presented here since for the present, based on
the current state of knowledge, we feel that a single fractal dimension
analysis is sufficient to adequately describe the antigen-antibody binding
kinetics for the binding systems analyzed. For example, in Fig. 1A the
theoretical curve continues upward whereas the data shows the values in
fluorescence leveling off after time. In this case a dual fractal dimension
would fit the data better. Also, the value of the first fractal dimension
(that is, closer to time, + = 0) would be smaller than that of the second
fractal dimension. The second fractal dimension starts about when the
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Fig. 1. Influence of isoenzyme concentration in solution on the binding
rate curves for human creatine kinase isoenzyme (CK-MB) to antibody immobi-
lized on a fiber-optic biosensor surface (33). Isoenzyme concentration: (A) A 0.1
ng/mL; @ 0.5 ng/mL; (B) & 1.0 ng/mL; I 2.0 ng/mL.
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Fig. 1. (cont’d). (C) A 5.0 ng/mL; B 10 ng/mL; (D) A 20 ng/mL; Bl 50 ng/mL.

values in fluorescence start to level off. This is also physically consistent
in that the state of disorder has increased with time. A similar explanation
applies to Fig. 1B where the top curve shows an S-shape curve. Here too
a dual-fractal dimension would provide a better fit. Once again the value
of the second fractal dimension would be higher than that of the first frac-
tal dimension.
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Fig. 1. (cont’d). (E) Linear increase in the forward binding rate coefficient k
with an increase in the CK-MB isoenzyme concentration in solution; (F)
Decrease in the error (shift) of the fractal dimension Dy with an increase in the
CK-MB isoenzyme concentration in solution.
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Figure 1E shows that the forward binding rate coefficient k increases
linearly as the CK-MB isoenzyme concentration in solution increases
from 0.1 to 50 ng/mL. Fractal dimension values close to one indicate that
the antibodies are arranged in lines on the surface. Fractal dimension
values increasingly greater than one indicate a higher ‘“ruggedness’” for
the system. Fractal dimension values less than one are rather rare. It may
be suggested that for fractal dimension values less than one the antibodies
are arranged in lines or even sparser patterns on the biosensor surface.
Partially blocked active sites on the antibodies arranged in lines could also
yield fractal dimension values less than one (13). The low values of the
fractal dimension obtained for this CK-MB isoenzyme (0.2004 to 0.5240)
suggests a Cantor-like dust as the antibody-CK-MB isoenzyme interface.

Table 1 indicates that the shift in the fractal dimension increases as
the concentration of the CK-MB enzyme in solution decreases. Figure 1F
shows clearly that the shift in the fractal dimension Dy decreases as the
CK-MB isoenzyme concentration in solution increases. One could fit
almost any curve to the data. However, there is a significant increase in
the shift in the fractal dimension at the lower CK-MB isoenzyme concen-
trations. This indicates a significant amount of inhomogeneity in the state
of disorder of the antibody-isoenzyme binding system at the lower CK-
MB isoenzyme concentrations. The higher relative shifts in the fractal
dimension Dy exhibited at the lower CK-MB concentrations may indicate
the existence of a dual- or multifractal surface. This type of surface may be
described by more than just a single attractor (15). Spatio-temporal chaos
is known to exist for other systems wherein a large number of chaotic ele-
ments distributed in space are required to describe the system (15). Also,
at the lower CK-MB isoenzyme concentrations, nonspecific binding of the
CK-MB isoenzyme to the fiber-optic biosensor surface could play an
important role relative to specific binding of the CK-MB isoenzyme to the
antibody, anti-CK-MB. This is one possible explanation for the significant
shifts in the fractal dimension, Dy observed at the lower CK-MB isoenzyme
concentrations.

Schramm and Paek (36 ) have developed a heterogeneous competitive
immunoassay for the continuous monitoring of steroid hormone proges-
terone. They immobilized two antibodies on spatially different areas.
Antibody 1 and 2 are bound to sensor 1 and 2, respectively. Antibody 1
binds to the analyte and antibody 2 binds to an enzyme (horseradish per-
oxidase). The analyte-enzyme complex serves as a heterobifunctional
shuttle and is the signal generator. Figure 2A shows the curves obtained
using Eq. (2) for the binding of progesterone to sensor 1. Table 1B indicates
that the forward binding rate coefficient k is 1.369, and the fractal dimen-
sion Dy value is 2.637. This is a high value of the fractal dimension Dy and
indicates a significant amount of inhomogeneity or state of disorder on
the biosensor surface.
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Fig. 2. Binding rate curves for progesterone to: (A) Sensor 1; (B) Sensor 2: B
establishment of equilibrium conditions; A changes in the analyte concentration.

Applied Biochemistry and Biotechnology Vol. 60, 1996



Antigen-Antibody Binding Kinetics 135

Figure 2B shows the curves obtained using Eq. (2) for the binding of
progesterone to sensor 2 for two cases. One is during the establishment
of equilibrium, and the other is for the response of the heterobifunctional
analyte to changes (increases) in the analyte concentration. Table 1B shows
the values of the binding rate coefficient k, and of the fractal dimension
Dy, for the two cases analyzed. Note that for sensor 2 as the fractal dimen-
sion Dy decreases from 2.670 to 1.426 (representing a change of 46.5%) the
forward binding rate coefficient k decreases by a factor of 19 from a value
of 0.8254 to 0.0434. In this case the forward binding rate coefficient k is
rather sensitive to the fractal dimension D;. One should note that we are
talking of two separate stages during the process of sensing. Also, the
fractal dimension Dy value of 2.570 obtained during the equilibrium pro-
cess does indicate a high level of inhomogeneity or state of disorder on
the sensor 2 surface. It is of interest to note that for sensor 2 the changes
in the forward binding rate coefficient k and in the fractal dimension Dy,
are in the same direction. Note that the values of the binding rate coeffi-
cient k are 1.369 and 0.8254 for sensors 1 and 2, respectively. Also, the
fractal dimension Dy values are 2.637 and 2.570 for sensors 1 and 2,
respectively. In this case, even when we go from sensor 1 to 2 the changes
in the fractal dimension Dy and in the forward binding rate coefficient k
are in the same direction.

Decrease in the Fractal Dimension D,
and Increase in the Binding Rate Coefficient k

Deacon et al. (37) have recently developed a fluorescence capillary fill
device (FCFD) as an immunosensor for the detection of hCG. These authors
indicate that detectable amounts of hCG appear shortly after conception.
hCG levels reach a peak at about three months of gestation. Also, hCG
may be present due to certain kinds of tumors (for example, testicular car-
cinoma) in the human body. Anti-hCG antibodies were utilized for the
hCG sandwich immunoassay in the FCFD deviceds. Figure 3A and B
shows the curves obtained using Eq. (2) for the binding of hCG in serum
and in blood samples. Table 1 shows that the fractal dimension Dy decreases
(by about 3.1%) from 2.7660 to 2.6806 as the hCG concentration in the
serum sample increases by about a factor of 8 from 502 to 4000 mIU/mL
hCG. This represents only a slight decrease in the state of disorder as the
hCG concentration increases by a factor of about 8. The fractal dimension
Dy values obtained are relatively high. This represents a high state of dis-
order or ruggedness or inhomogeneity for both of the hCG concentra-
tions utilized. Note that the forward binding rate coefficient k value in-
creases by 29.4% from 2.758 to 3.571 as the hCG concentration in solution
increases by a factor of about 8 from 520 to 4000 mIU/mL hCG. In this
case note that the changes in the fractal dimension Dy and in the forward
binding rate coefficient k are in the reverse direction.
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Fig. 3. Binding rate curves for human chorionic gonadotrophin (hCG) in
serum and in blood samples to antibody immobilized to a surface in a
fluorescence capillary fill device (FCFD) (37): serum sample: B 502 mIU/mL
hCG; A 4000 mIU/mL hCG; blood sample: & 6000 mIU/mL hCG.

FLUORESCENT SIGNAL (ARBITRARY UNITS)

Table 1 also shows the Dy value of 2.6164 obtained for the single con-
centration of 6000 mIU/mL hCG in blood solution presented. The forward
binding rate coefficient k value obtained is 4.033. It is not very appropriate
to do so since we are comparing two different types of solutions. Never-
theless, one notes that the forward binding rate coefficient k increases by
about 11.4% from a value of 3.571 to 4.033, and the fractal dimension Dy
decreases by about 2.2% from a value of 2.6806 to 2.6264 as one goes from
4000 mIU/mL hCG in serum to 6000 mIU/mL hCG in blood samples.
Once again, the changes in the fractal dimension Dy and in the forward
binding rate coefficient k are in the reverse direction. This result should,
of course, be viewed with caution since we are comparing the binding of
hCG from two different types of solutions.

CONCLUSIONS

The fractal analysis of the binding of the antigen in solution to the
antibody immobilized on the biosensor surface provides a quantitative
indication of the state of disorder on the surface. Changes in the fractal
dimension Dy observed are in the same and in the reverse directions as
the forward binding rate coefficient k. In other words, in some cases the
state of disorder on the surface is beneficial for the forward binding rate
coefficient k, and in some cases it is not. There is direct (27) and indirect
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evidence (17) to suggest that an increasing roughness on the surface
would tend to increase the adsorption or binding rate coefficient. Further
analysis is required to delineate the decrease in the forward binding rate
coefficient k with an increase in the fractal dimension Dy. This is especially
so for those cases where there is no change in the biosensor system except
for a variable change such as the antigen or antibody concentration in
solution. This behavior was observed for human chorionic gonadotrophin
in solution. It is to be noted, however, that the change in the fractal
dimension was rather low (3.1%).

Nonspecific binding plays a significant role in the antigen-antibody
binding systems for biosensor applications. Our initial analysis indicates
an increase in the shift in the fractal dimension Dy with a decrease in the
creatine kinase isoenzyme concentration in solution. This increase in the
shift in Dy is presumably due to a relatively increasing role played by non-
specific binding at the lower isoenzyme concentrations. Since the
measurement of dilute concentrations of this isoenzyme and of other
analytes is of interest, it would be helpful to be able to reduce the shift in
the fractal dimension or the degree of spatio-temporal chaos that exists in
these types of systems. A better control of the fractal dimension on the
surface would significantly enhance the understanding of the sensitivity,
stability, selectivity, and response time of biosensors.
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